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We study undecidability and definability for certain extensions of (N; L),
where | denotes the coprime relation. This is done in first-order logic without
a logical symbol for equality.

Undecidability

Let S be the successor function. Woods proved in [3] that Th(N; L, S) is un-
decidable. We generalize his arguments to show that, for an extension of (N; L},
a weak form of the independence property implies undecidability. Consequently,
the following structures have undecidable theories:

e (N; L,n+— |L(n)|) for L € Z[X] not a monomial

e (N;L,n—a™—1)fora>1

o (N; L,n+ [an/b]) for a,b € N with a L b,b > 2

Definability

Define m ~ n if m and n have the same prime divisors. Another result of
Woods [3] is that addition and multiplication are definable in (N; 1, S} iff there
is some k € N such that for all m,n € N we have

/\Sl S'(n)) = m = n.

The last claim is the Erdds—Woods conjecture. With m,n restricted to the set
of prime powers II, the conjecture has been proven. Using this Richard proved
for any arithmetic A C NN that A N IV is definable in (N; 1,S) [2].

The main theorem combines and generalizes these results. For certain ex-
tensions M of (N; 1), it shows that an arithmetic relation is definable in M iff
it satisfies a number-theoretic condition.

Let A C NV denote an arithmetic relation. We obtain the following, where
the last result builds on Beés and Richard’s paper [1].

e A is definable in (N; L, S) iff there is some k € N such that for all m €
A,n € NV we have

k
/\ (nj)) = n € A.

|\>2

e Let w(n) be the number of prime divisors of n. Then A is definable in
(N; L, w) iff for all m € A,n € NV we have

N
(/\mjwnj):>n€A.
j=1



e For a > 3 let P, be the set of primes and a-th powers of primes and <p,
be the restriction of < to P,. Then AN PY is definable in (N; L, <p, ).
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