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Reverse math

» Reverse mathematics is a program that seeks to determine
which axioms are required to prove theorems of mathematics.

> The Big Five:
RCAg < WKL < ACAg < ATRg < IT;-CAy.

» Most mathematic theorems (that can be formalized in
second-order arithmetic) are proven to be equivalent to one of
the above systems.

> However, some theorems (e.g., RT3) are exceptions..

2/13



Fragments of first- and second-order arithemetic

>

The language of first/second-order arithmetic:
El = {+’ X, <7:707 1}, £2 = {‘1’, X, <,:7O7 1, 6}

I3 consists of PA™ and Induction for all £ formulas ¢:
¢(0,2) A (Vz (p(2,¢) = ¢(z +1,¢)) = Vo ¢(z,0).
BY" consists of IA§ and Collection for all 3! formulas ¢:

Vo <a Jy o(z,y,¢) = I Ve <a Iy <b ¢(z,y,c).

» exp denotes the totality of the exponentiation function.

» (Paris—Kirby 1978) IA§ + exp < BE{ + exp 4 I%) 4 BX) 4155 ...

and none of the converses holds.

RCAq = 129 + Al-comprehension.

WKLy = RCA(+"each infinite binary tree has an infinite path”.
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Cohesiveness principle

Definition
» Let R = (Rk)kren be a sequence of sets. We say that a set H
is R-cohesive if for any k € N, either H C* Ry, or H C* R},
(A C* B means A C B except finitely many elements)
» The cohesiveness principle (COH) claims that every sequence
of sets has an infinite cohesive set.
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Cohesiveness principle

Definition
» Let R = (Rk)kren be a sequence of sets. We say that a set H
is R-cohesive if for any k € N, either H C* Ry, or H C* R},
(A C* B means A C B except finitely many elements)
» The cohesiveness principle (COH) claims that every sequence
of sets has an infinite cohesive set.

Facts
» (Cholak—Jockusch—Slaman 2001, Mileti 2004)
RCAg - RT% «+» SRT2 + COH.
» (CJS 2001, Chong-Slaman—Yang 2012, Belanger 2015)
COH is ITj-conservative over RCAg, RCAq + B9,
RCAg +159...
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A weaker base theory: RCAj

Definition (Simpson—-Smith 1986)
The system RCAJ consists of BX{, A%-comprehension and exp.

Facts
Let (M, X) = RCA} + —IxY, then

> there is a proper cut I and a monotone function G: I — M
in X', whose range is cofinal in M.

» (Chong—Mourad 1990) Let X C I. If X and I \ X are both
Y0-definable, then X € Cod(M/I).
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Ramsey over RCAj

Facts/Theorems (Fiori-Carones—Kotodziejczyk—Kowalik 2020)
» Many Ramsey-style principles are mutually transferred
between the model and the cut.

(M,X) | P < (I,Cod(M/I)) = P,

where P € {CAC,ADS,RT%, RT3 ...}

> As a consequence, the strength of Ramsey style theorems over
RCA;, differs from that over RCAy.

» However, COH seems to be an exception.

Question (FKK 2020, Belanger 2015)

Is RCA{ + —1%? + COH consistent? Is there any conservation
results for COH over RCA{?
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Cohesiveness principle vs RCA]

Theorem (S. 2025)
RCAj + COH  IxY.
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Cohesiveness principle vs RCA]
Theorem (S. 2025)
RCA{, + COH F I3,

Proof

Suppose not, fix a model (M, X) = RCA{ + —1%% + COH.
Let I and G': I — M be as above.

» Consider the following instance of COH:
(Ry)eem ={(n,z) e M |Jiexne|GH),Gli+1)}eXx

» Let H be (R;)sen-cohesive. The set below is
Cod(M /I)-cohesive in (I,Cod(M/I)).

H' ={icl|3necHne|G{),G>i+1)}

» By the Chong—Mourad coding lemma, H' itself is also in
Cod(M/I), contradiction! O

Remark: H being (R;),ov-cohesive suffices, assuming b > I. 713



Finite cohesiveness principle

Definition
The finite cohesiveness principle (fin-COH) claims that every finite
sequence of sets has an infinite cohesive set.

Question
How strong is fin-COH?

Facts
> RCA{ + fin-COH I I).
» fin-COH is IIj-conservative over RCAy.
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The strength of fin-COH

With strong enough induction, fin-COH becomes trivial.

Theorem
RCAq + BEg F fin-COH.

Proof.
Let R = (R;)i<p be a sequence of sets of length b. Then

n- U Ao
len(c)=bi<b

where R? =R, Ri1 = R°.
By BEg, ﬂKb Rg(l) is infinite for some o, which is trivially
R-cohesive. ]
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The strength of fin-COH

However(fortunately?), fin-COH is not completely trivial.

Theorem (S. 2025)
WKL ¥ fin-COH.
We postpone the proof a few slides later.
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The strength of fin-COH

Proposition (S. 2025)

RCA( + "There is a X2 partial surjection with bounded domain”
implies fin-COH <« COH.

Observation

Let R = (R;), S = (S;) be two sequences of sets. If for any i
there is some j such that R; =* S, then any S-cohesive set H will
also be R-cohesive.

Proof.

» Let f: a — N be such a surjection. Take g: a x N — N as its
approximation. i.e., Vj < a f(j) = limz— 00 g(J, x).
» For any sequence of sets R = (R;);cn, define (S;) <4 by

WS Sj <~ T E Rg(j,ﬂ:)'
> Now Sy-1(; =" R; for any i € N.
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The strength of fin-COH

Theorem
WKLy ¥ fin-COH.

Proof.

» There exists a (non-standard) pointwise 3o-definable model of
1331, which satisfies the assumption in the proposition above.
» (Cholak—Jockusch—Slaman 2001) There is an w-model
satisfying WKLy + -COH.
» There is a w-model of WKL consisting only of low sets.

> (Jockusch—Stephan 1993) Any set cohesive for all the primitive
recursive sets cannot be low.

» The construction and the proof above can be carried out in
models of I3;.

O
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Summary

RCA; + fin-COH F 130,
RCAq + B F fin-COH.
WKL ¥ fin-COH.

RCAp +
"There is a 39 partial surjection with bounded domain”
implies fin-COH < COH.

vvyyy

Thank You!
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