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Base theory (corresponding to computable mathematics) RCAq
m Robinson’s arithmetic Q

m A%-comprehension (The computable sets exists)

m YY-induction (Every set of finite cardinality is bounded)
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The “Big Five"

Modulo RCAg, most theorems of ordinary mathematics are equivalent to one the

following theories:

Nl — CAp
|
ATRg

|

ACAg

|

WKLo

|

RCAg

. impredicativism
. transfinite recursion

: second-order version of PA

: compactness arguments

: constructive mathematics



RT3 is the statement that for any 2-coloring of the infinite clique [N]?:




RT3 is the statement that for any 2-coloring of the infinite clique [N]?:

There exists an infinite monochromatic sub-clique.
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RCA i RT?

RCAp + RT% F 1A, There exists a computable instance
RCAg I/ 1A, : of RT3 with no computable solution

First-order part Second-order part




Models

Models M = (M, S,0,1, x,+, <):
m M is the first-order part.
m S C P(M) is the second-order part.
m 0,1, X, +, < are constants/functions/relations on M.

We will mostly consider w-models, where M is the set of standard integers w and
0,1, x, 4+, < have their canonical interpretation.

We say that a statement 7 implies 2 over w-models, if every w-models of ¢; (plus
RCAp) is a model of 5.



Nl — CAq
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RCAg

RT3 escapes the structural phenomenon of the
"Big Five".

What about weakenings (and strengthenings) of RT3 ?
m Restricting to a certain class of colorings.

m Relaxing the monochromatic constraint.



Definition (pattern)

A pattern of size £ is a 2-coloring p : [{]> — 2 of the clique of size /.

A pattern p appearin f : [N]2 — 2 if it can be embedded into it by an increasing
function. Otherwise, f avoids p.



Definition
m Let RT3(p) be the statement: “For every coloring f : [N]2 — 2, there exists an
infinite set H such that f[[H]? avoids p"

m Let coRT5(p) be the statement: “For every coloring f : [N]?> — 2 avoiding p, there
exists an infinite monochromatic subset”

Proposition

If p is monochromatic, then RT3(p) is a false statement, otherwise RT3(p) is true.
(We will only consider non-monochromatic patterns from now on).

Proof.
m Let p be monochromatic for some color ¢ < 2, and let f : [N]> — 2 be constant
equal to ¢, then no subset of N can f-avoid p. Hence, RT3(p) doesn’t hold.

m Let p be non-monochromatic and f : [N]2 — 2 be any coloring. By RT3 let H be
infinite and f-monochromatic, f[[H]? avoids p, thus RCAg + RT3 - RT3(p).

O



Proposition
RCAg - RT3 < RT3(p) A coRT3(p)

Proposition (Mimouni, Patey (2025))

For every pattern p, RT3(p) is not computably true.

In fact, they proved a stronger property and showed that RT3(p) implies the existence
of a (-DNC function, i.e. a total function g : N — N such that g(e) # ®? (e) for
every e € N.

Equivalently, we have a function h: N x N — N such that h(k, e) doesn’t satisfy ¢e(x)
for ¢e the e-th Xp-formula if [{x : ¢e(x)}| < k.



Dual pattern

Definition

The dual p of a coloring/pattern p is the coloring/pattern whose colors are inverted.

o' o
)

Proposition
RCAo - (Vp)RT5(p) <> RT5(p)

Proof.

Assume RT3(p) and let f : [N]> — 2 be a coloring. Let f be the dual coloring of f and
let H C N be infinite and such that f[[H]? avoids p, then f[[H]? avoids p. O



Colorings avoiding QQ and OQ. can be seen as permutations:

Permutation 3142

Permutation 2431




Definition (EM)

EM is the statement: for every coloring f : [N]? — 2, there exists an infinite set H such
that f[[H]? is transitive.

Definition (ADS)

ADS is the statement: for every linear order (L, <), there exists an infinite
monotonous sequence.

m RCAg - EM + ADS ¢+ RT3 (Bovykin/Weiermann/Montalban)
m RCAg + EM I/ RT3 (Lerman/Solomon/Towsner)

m For every non-transitive pattern p : RCAg - EM — RT3(p), hence
RCAg + RT3(p) I RT3.
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Definition (Bose, Buss & Lubiw (1998))

A separable permutation is one that can be obtained from the trivial permutation on 1
(or 0) elements by a series of direct () and skew (&) sums.

132 @ 321 = 132654




Proposition (Bose, Buss & Lubiw (1998))

The separable permutations are exactly those avoiding the patterns 2413 and its dual
3142

Permutation 2413 Permutation 3142

The number of separable permutations when n grows is:
1,2,6,22,90,394,1806, 8558, .... (Schroder numbers, sequence A006318 in the OEIS)



Theorem (Mimouni, Patey (2025))
Let p be a non-separable permutation, then RCAq + RT3(p) 1/ RT3

Theorem (L., Patey (2025))

RT3(p) implies RT3 over w-models if and only if p is a separable permutation.

Proof sketch.
m Assuming that RT3(p) holds in an w-model, we want to prove that coRT3(p) (and
thus RT3) also holds.
m Let f : [N]2 — 2 be a coloring avoiding p.
m By RT3(p), there exists a f-DNC function g.

m There exists a probabilistic algorithm computing an infinite f-monochromatic set,
and g computes such a set that will therefore be in the model.

O



separable permutations

RT3(p) RT3

non permutations

\mn_separable permutations

ADS RT3(#~™) <= EM ———— RT3(1302)
! \&,, !
RT3(p) RT3(p)
RCAg

Implications over w-models of RCAg




Let p be a permutation, then RCAq + RT3(p) - 1A,
Does RCAg - RT3(p) — RT3 for every separable permutation p ?
What is the first-order part of RT3(p), for any pattern p ?
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