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DEFINITION

b1, b2: A > B are isomorphic (by =~ by) if there exists a formula of £, that
defines in A an isomorphism between the copies of B given by b; and bo.

DEFINITION

A and B are bi-interpretable if there exist b: A> B and a: B> A
such that aob ~ idg and b o a ~ idp.
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THEOREM (KAYE & WONG)

The following theories are bi-interpretable:
o PA,

o ZF \ {Inf} 4+ —Inf + TC.

THEOREM (PETTIGREW)

The following theories are bi-interpretable:
o Ay + exp,

o ZF \ {Inf, Repl} + Aj-Sep + WHP + “Every set is Dedekind finite”.
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DEFINITION

T is tight if no two distinct extensions of it are bi-interpretable.

DEFINITION

T is semantically tight if for any A BF T, b: A B, and a: B > A,
if b and a make A and B bi-interpretable, then b ~ idy and a ~ idp.
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Zs (also Zs, Z4, ...)

ZF

KM (also higher-order analogs)
ZF~ +x |x| <N

ZF~ 4 3kV¥x Inacc(k) A x| < K

CT, KFu

NON-TIGHT SUBTHEORIES
IS,, PAu, + Refpay,
ACA, TIL_-CA, SL-AC
ZFn,, ZF \ {Inf},
ZF \ {Reg}, ZF \ {Ext},
ZF \ {Pow}, ZF \ {Rep}

GB,
KM/p1ca +25-CC + Rep
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THEOREM (GKL)

For every n, there exists a semantically tight computable theory that
extends IX,,, is properly contained in PA, and does not interpret PA.
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We want to find a semantically tight computable theory U extending
I3, + —-BX,11 s.t. there are no bi-interpretable A E U and B E PA.

It is enough to find an extension of IX,, + -BY ;1 that is bi-interpretable
with CT (the canonical compositional axiomatic theory of truth), since:

- CT is semantically tight (and semantic tightness is closed
under bi-interpretations),

- there are no bi-interpretable A £ CT and B = PA (we use,
among others, Tarski's undefinability theorem).

We find such an extension by formalizing in CT a modified version of the
standard construction of a pointwise definable model of I3, + -BX, 1.
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PROBLEM 1

Does there exist a semantically tight computable theory that extends

IA( + exp, is contained in PA, and has a model that does not interpret
any model of PA?

PROBLEM 2

Does there exist a semantically tight finite sequential theory?
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SUMMARY

THEOREM

For every n, there exists a semantically tight computable theory that
extends IX,,, is properly contained in PA, and does not interpret PA.

THEOREM

For every n, there exists a tight but not semantically tight computable
theory that extends 13, and is properly contained in PA.

PROBLEM 1

Does there exist a sem. tight computable theory that extends 1Aq + exp,
is contained in PA, and has a model not interpreting any model of PA?

PROBLEM 2

Does there exist a semantically tight finite sequential theory?



