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Bi-interpretations

Definition

b1, b2 : A ▷ B are isomorphic (b1 ≃ b2) if there exists a formula of LA that
defines in A an isomorphism between the copies of B given by b1 and b2.

Definition

A and B are bi-interpretable if there exist b : A ▷ B and a : B ▷ A
such that a ◦ b ≃ idB and b ◦ a ≃ idB.
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Theorem (Kaye & Wong)

The following theories are bi-interpretable:

PA,

ZF \ {Inf}+ ¬Inf + TC.

Theorem (Pettigrew)
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I∆0 + exp,

ZF \ {Inf,Repl}+∆∗
0-Sep+WHP+ “Every set is Dedekind finite”.
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Semantically tight theories

PA

Z2 (also Z3, Z4, ...)

ZF

KM (also higher-order analogs)

ZF− + ∀x |x | ⩽ ℵ0

ZF− + ∃κ∀x Inacc(κ) ∧ |x | ⩽ κ

CT, KFµ

Non-tight subtheories

IΣn, PAΠn + RefPAΠn

ACA, Π1
n-CA, Σ1

n-AC

ZFΠn , ZF \ {Inf},
ZF \ {Reg}, ZF \ {Ext},
ZF \ {Pow}, ZF \ {Rep}

GB,
KM↾Π1

n-CA +Σ1
n-CC+ Rep

ZF−

CT↾Σn-Ind
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T is semantically tight if for any A,B ⊨ T, b : A ▷ B, and a : B ▷ A,
if b and a make A and B bi-interpretable, then b ≃ idA and a ≃ idB.

We will find a semantically tight computable theory U extending
IΣn + ¬BΣn+1 s.t. there are no bi-interpretable A ⊨ U and B ⊨ PA.

Then the theory

{BΣn+1 → σ : σ ∈ PA} ∪ {¬BΣn+1 → τ : τ ∈ U}
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Sketch of the proof

We want to find a semantically tight computable theory U extending
IΣn + ¬BΣn+1 s.t. there are no bi-interpretable A ⊨ U and B ⊨ PA.

It is enough to find an extension of IΣn + ¬BΣn+1 that is bi-interpretable
with CT (the canonical compositional axiomatic theory of truth), since:

- CT is semantically tight (and semantic tightness is closed
under bi-interpretations),

- there are no bi-interpretable A ⊨ CT and B ⊨ PA (we use,
among others, Tarski’s undefinability theorem).

We find such an extension by formalizing in CT a modified version of the
standard construction of a pointwise definable model of IΣn + ¬BΣn+1.
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Open problems
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Does there exist a semantically tight computable theory that extends
I∆0 + exp, is contained in PA, and has a model that does not interpret
any model of PA?
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Does there exist a semantically tight finite sequential theory?
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Tight but not semantically tight

T is tight if no two distinct extensions of it are bi-interpretable.

Theorem (GK L)

For every n, there exists a tight but not semantically tight computable
theory that extends IΣn and is properly contained in PA.

Sketch of the proof

We find a tight computable theory U extending IΣn + ¬BΣn+1 s.t.:

- there are no bi-interpretable extensions of U and PA,

- but there are bi-interpretable models of these theories.

In order to do that, we find U that is bi-interpretable with the theory
PA(c) + ρ(c), where ρ is a computable basis for an indiscernible type.
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Summary

Theorem

For every n, there exists a semantically tight computable theory that
extends IΣn, is properly contained in PA, and does not interpret PA.

Theorem

For every n, there exists a tight but not semantically tight computable
theory that extends IΣn and is properly contained in PA.

Problem 1

Does there exist a sem. tight computable theory that extends I∆0 + exp,
is contained in PA, and has a model not interpreting any model of PA?

Problem 2

Does there exist a semantically tight finite sequential theory?


