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® There are programming languages that compute a set of functions but
they are limited from an algorithmic point of view.
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This means that we can compute only total function

For instance, we choose a programming language that computes only
the set of primitive recursive functions
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«P is better than Q»
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® As there are algorithms that are not programmable

® As we want to compare languages from an algorithmic point of view
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Abstract State Machine (very quickly)

o Evolving algebra (first name)

e A state is a first-order logic algebra
(the API)

e A loop outside this,
e A transition between 2 states is

done by 4 rules :
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Abstract State Machine (very quickly)

o Evolving algebra (first name)

e A state is a first-order logic algebra
Caa\d)
e A loop outside this,
e A transition between 2 states is
done by 4 rules : o a finite set of data are changed
between states
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Abstract State Machine (very quickly)

o Evolving algebra (first name)

e A state is a first-order logic algebra
(the API)
e A loop outside this,
e A transition between 2 states is
done by 4 rules : o a finite set of data are changed
between states
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X=n,Y=m,XI,YlI,

stop = false, init = true, IF init then
+I"I’O,= XI :=X
Y| =Y
init ;= false

IF XI = 0 and -stop and -init then
stop := true
re=X

IFYI| = 0 and —stop and -init then
stop := true
re=Y

IF X1 > 0 and —stop and -init then
Xl =Xl -1

IFY| > 0 and —stop and —init then
Y=Y - |

IF stop then
skip
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® O-ary variables
o +1,-1,= (equality) Arithmetic ASM
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Primitive recursive algorithms (ASM-PR)
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Primitive recursive algorithms (ASM-PR)

® O-ary variables
o +1,-1,= (equality) Arithmetic ASM

® Natural values

= we take arithmetic ASM

[ [ [ [
. .. a of = =N P a a Y | ! X o ® a ) r 5 a U a
® B ; e N — ) " e ” -3 - ) - A ‘\ . ] - | v j _ " M R _ .. g . = 4 N }_e 8 (=,
A A 02 Bt U'._ - i'-" - bl Ll p o D S ;‘,". L N « B ] S - P"'n, P Iz C T LY % R Y 1 --‘“\ Y =% " d
ey ¥ - : R Y -’ v = y e . .+ B ‘ N - ~ gl - £

dimanche 21 juin 2009



Primitive recursive algorithms (ASM-PR)
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Remarks

® the algorithm of minimum function which decrements alternatively its
data is definable with an Arithmetic ASM

® the Stein’s gcd algorithm is definable with an Arithmetic ASM
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Remarks

® the algorithm of minimum function which decrements alternatively its
data is definable with an Arithmetic ASM

® the Stein’s gcd algorithm is definable with an Arithmetic ASM

As we have a set of algorithms for PR functions, we are looking
for a programming language that implements all those algorithms

dimanche 21 juin 2009



Loop,,.. programming language

dimanche 21 juin 2009



Loop,,.. programming language

expr. ::= var | natural | succ(expr,,.) | pred(expr,..) | undef

dimanche 21 juin 2009



Loop,,.. programming language

expr; ::= var | natural | succ(expr...) | pred(expr...) | undef
exprbool Sz ovar = EXPrint | —1 €XPliool | EXPlbool A €XPrpool | EXPlpool vV EXPrigol | true | false

dimanche 21 juin 2009



Loop,,.. programming language

expr; ::= var | natural | succ(expr...) | pred(expr...) | undef

exprbool = var = EXPFint | —1 EXPryqq | EXPFpool N EXPrigg | EXPrpool YV EXPrgg | true | false
prog 1= comyg,

COMye = com com;y, | €

dimanche 21 juin 2009



dimanche 21 juin 2009

€XPFin,

eXprbool

prog
COMy;s¢

com

Loop,,.. programming language
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Loop,,.. programming language

eXPrine ::= var | natural | succ(expr;,.) | pred(expr,..) | undef
exprbool = ovar = EXPrint | 1 €XPrygo | EXPlhool N EXProol | EXPrbool vV EXPriool | true | false

prog 1= comy,
COMye = com com;y, | €

com 1= var 1= expri..; :
.= if expr,,, then com,, else com; . endif ;
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Loop,,.. programming language

eXPrine ::= var | natural | succ(expr;,.) | pred(expr,..) | undef
exprbool = ovar = EXPrint | 1 €XPrygo | EXPlhool N EXProol | EXPrbool vV EXPriool | true | false

prog 1= comy,
COMye = com com;y, | €

com 1= var 1= expri..; :
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Loop,,.. programming language

expr. ::= var | natural | succ(expr,,.) | pred(expr,..) | undef

exprbool i=var = EXPrine | —1 EXPrpgol | EXPrpool N EXPrigg | EXPrpool Vv EXPrpool | true | false
prog 1= COMyig,
COMyjse = com com;,, | €

com = var i= expri.; :
.= if expr,,, then com,, else com; . endif ;

== loop expr;,. do com;, endloop ;
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Loop,,.. programming language

eXPrine ::= var | natural | succ(expr;,.) | pred(expr,..) | undef
exprbool = var = EXPFint I =1 EXPrigel | EXPFpool N €XPrigel | EXPFpool V EXPriggl | true | false

prog 1= comy,
COMye = com com;y, | €

com 1= var 1= expri..; :
.= if expr,,, then com,, else com; . endif ;
= loop expr,,. do com,,. endloop ;
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» Loop and Loop,,;. compute the same functions (primitive recursive functions)
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» Loop and Loop,,;. compute the same functions (primitive recursive functions)

» But min(m, n) is computed by Loop,,;. with the « good » algorithm

X,ém Xzén q): Z|:=X|;
Ty 93 5% ¢
loop X, do

Z, := pred(Z,) ;
if Z,= 0 then
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» Loop and Loop,,;. compute the same functions (primitive recursive functions)
» But min(m, n) is computed by Loop,,;. with the « good » algorithm

X,ém Xzén q): Z|:=X|;

Z, = pred(Z,) ;
if Z,= 0 then
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The complexity T of a Loop,,; program (or Loop) P is the complexity

of the ASM describing semantics when it is restricted to P
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Theorem

Let f be a PR function.To any ASM-PR (4, C) computing f can be associated

a Loop.,: program P also computing f such that: Tpe O(cg)
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par

if g, then LG il

R, PRy
S N AVAVAVAVANR o
i.1.’.gn then else

R PRy

n H'
endif endif ;
endpar
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Sketch of proof

core-program &,
with T@jl < cst

11
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if g, then

Prq
Sketch of proof ANANANA elsif
eﬂ;é
PR,
endif ;
With: ,
Pri: X'1 1= Xq ;
X1 = el ’
X5 1= X[ X'y/Xq] ;
VAVAVAVAVA Xy = e[X1/Xq];
X'k = X[ X/ Xq ] X 1/ %] 5
Xk += e X' 1/X ] [ X1/ X1l 5
NAVAVAVAVA Pr;: exit ; 11
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« min » example

iIf Y =undef A —(Z, =0) A —(Z, =0) then

if (Y = undef) and (£, # 0) and (Z, # 0) then T A,
| «— &>

Z, = pred(Z))
Z, := pred(Z,)

endif 7., 1= pred(Z ) :
4 oG - LT 2)
if (Y = undef) and (£, # 0) and (Z, = 0) then elsif Y = undef A —~(Z, = 0) A Z, = 0 then
Y:= X2 y
. Y i=Y;
enclllf‘_
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Sketch of proof (continued)

% insert &, (the core-program) in a Loop program Q to execute it as many

times as long are the runs in 4.
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times as long are the runs in 4.
How ? In which Loop program ?
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Sketch of proof (continued)

% insert &, (the core-program) in a Loop program Q to execute it as many

times as long are the runs in 4.
How ? In which Loop program ?

How ?
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Sketch of proof (continued)

% insert &, (the core-program) in a Loop program Q to execute it as many

times as long are the runs in 4.
How ? In which Loop program ?

How ?

SR AVAVAVAVAVA S s L if e then A
: .. vize: % i if e then §

' b else VAVAVAVAVA !
else
endif ; o
endif ;

13
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Sketch of proof (continued)

% insert &, (the core-program) in a Loop program Q to execute it as many

times as long are the runs in 4.
How ? In which Loop program ?

How ?

P Vis e VVVVVA L s L if e then "

{ - vi=e; % f if e then }
' ' else VAVAVAVAVA !

else

endif ; endif -

P,

loop e do loop e do

endloop ; P,

endloop ; {
' 13
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Sketch of proof (continued)

% insert &, (the core-program) in a Loop program Q to execute it as many

times as long are the runs in 4.
How ? In which Loop program ?

How ?

Lo . P
P Vis e VVVVVA L $ i if e then "
: .. vi=e,; % ¢ if e then §
' l else VAVAVAVAVA .,
else
endit endit;
Py
loop e do loop e do
endloop ; P, f
endloop ; } TQ[@] < Cst X TQ
] -
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Sketch of proof (continued)

In which Loop program ?

Q : a Loop program which computes € (which is PR since 4 computes a PR)
and such that TQz C4 (from previous lemma)
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Sketch of proof (continued)

In which Loop program ?

Q : a Loop program which computes € (which is PR since 4 computes a PR)
and such that TQz C4 (from previous lemma)

min example (insertion of @, in a loop program for min)

loop _X; do
_Z:=pred(_7Z);

endloop ;
if _Z =0 then

Yi=_X;
endif;
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Sketch of proof (continued)

In which Loop program ?

Q : a Loop program which computes € (which is PR since 4 computes a PR)
and such that TQz C4 (from previous lemma)

min example (insertion of @, in a loop program for min)

loop _X; do
_Z:=pred(_7Z);

endioop ;
if _Z =0 then

Yi=_X;
endif;
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Conclusion

® We use ASM to represent algorithms
® We define a class of algorithms for all primitive recursive functions
® We show that all those algorithms are writable in a total programming language : LoopExit

® CLAIM :LoopExit is «the best programming language» for primitive recursive functions
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