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Some axiom schemas

Our language: usual first-order language of arithmetic

IΣn: induction schema for Σn formulae (plus PA−)

BΣn: I∆0 plus collection schema for Σn formulae

∀x < z∃yϕ(x, y) → ∃t∀x < z∃y < tϕ(x, y)
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Some axiom schemas

Our language: usual first-order language of arithmetic

IΣn: induction schema for Σn formulae (plus PA−)

BΣn: I∆0 plus collection schema for Σn formulae

∀x < z∃yϕ(x, y) → ∃t∀x < z∃y < tϕ(x, y)

I∆n: induction schema for ∆n formulae (plus PA−)

∀x(ϕ(x)↔ψ(x)) → [ϕ(0)∧∀x(ϕ(x)→ϕ(x′))→∀xϕ(x)]

for ϕ ∈ Σn and ψ ∈ Πn
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LΣn: least number schema for Σn formulae (plus PA−)

exp stands for the axiom expressing “the exponential function
is total”.

Ω1,k, k≥1, denotes the axiom expressing “ω1,k is total”,

where ω1,k(x) = xlog(k)x and log(k) denotes the k-th iterate of
the logarithmic function.
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More axiom schemas/axioms

LΣn: least number schema for Σn formulae (plus PA−)

exp stands for the axiom expressing “the exponential function
is total”.

Ω1,k, k≥1, denotes the axiom expressing “ω1,k is total”,

where ω1,k(x) = xlog(k)x and log(k) denotes the k-th iterate of
the logarithmic function.

Paris-Kirby 1978

J. Paris and L. Kirby: Σn-collection schemas in arithmetic, Logic
Colloquium ’77, North-Holland, Amsterdam, 199–209, 1978.

Costas Dimitracopoulos University of Athens On a problem of J. Paris



Outline Notation and terminology The problem and related results Collection vs. existence of end extensions

Early results

Theorem (Paris-Kirby 1978)

For all n∈N, IΣn+1 ⇒ BΣn+1 ⇒ IΣn ⇔ LΣn

(and the implications are strict).
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Early results

Theorem (Paris-Kirby 1978)

For all n∈N, IΣn+1 ⇒ BΣn+1 ⇒ IΣn ⇔ LΣn

(and the implications are strict).

Theorem (Paris-Kirby 1978, Gandy ∼1980)

For all n∈N, BΣn+1 ⇔ L∆n+1 ⇒ I∆n+1.
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Early results

Theorem (Paris-Kirby 1978)

For all n∈N, IΣn+1 ⇒ BΣn+1 ⇒ IΣn ⇔ LΣn

(and the implications are strict).

Theorem (Paris-Kirby 1978, Gandy ∼1980)

For all n∈N, BΣn+1 ⇔ L∆n+1 ⇒ I∆n+1.

Problem 1 (J. Paris)

Does I∆n+1 imply BΣn+1 for all n∈N?
Problem 34 in Clote-Krajicek’s list of open problems.
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Early results

Theorem (Paris-Kirby 1978)

For all n∈N, IΣn+1 ⇒ BΣn+1 ⇒ IΣn ⇔ LΣn

(and the implications are strict).

Theorem (Paris-Kirby 1978, Gandy ∼1980)

For all n∈N, BΣn+1 ⇔ L∆n+1 ⇒ I∆n+1.

Problem 1 (J. Paris)

Does I∆n+1 imply BΣn+1 for all n∈N?
Problem 34 in Clote-Krajicek’s list of open problems.

Slaman 2004

T. A. Slaman: Σn-bounding and ∆n-induction, Proc. Amer.
Math. Soc. 132 (2004), 2449–2456.
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Slaman’s result

Theorem (Slaman 2004)

For all n∈N, I∆n+1 + exp⇒ BΣn+1.
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Slaman’s result

Theorem (Slaman 2004)

For all n∈N, I∆n+1 + exp⇒ BΣn+1.

Fact

I∆2 ⇒ IΣ1 ⇒ exp.

Costas Dimitracopoulos University of Athens On a problem of J. Paris



Outline Notation and terminology The problem and related results Collection vs. existence of end extensions

Slaman’s result

Theorem (Slaman 2004)

For all n∈N, I∆n+1 + exp⇒ BΣn+1.

Fact

I∆2 ⇒ IΣ1 ⇒ exp.

Corollary

For any n > 0, I∆n+1 ⇒ BΣn+1.
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Slaman’s result

Theorem (Slaman 2004)

For all n∈N, I∆n+1 + exp⇒ BΣn+1.

Fact

I∆2 ⇒ IΣ1 ⇒ exp.

Corollary

For any n > 0, I∆n+1 ⇒ BΣn+1.

Problem 1’

Does I∆1 imply BΣ1?
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Beklemishev’s approach

Beklemishev 2003

L. Beklemishev: On the induction schema for decidable predicates,
J. Symbolic Logic 68 (2003), 17–34.
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Beklemishev’s approach

Beklemishev 2003

L. Beklemishev: On the induction schema for decidable predicates,
J. Symbolic Logic 68 (2003), 17–34.

Definition

Π2(N) denotes the set of Π2 sentences that are true in N.
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Beklemishev’s approach

Beklemishev 2003

L. Beklemishev: On the induction schema for decidable predicates,
J. Symbolic Logic 68 (2003), 17–34.

Definition

Π2(N) denotes the set of Π2 sentences that are true in N.

Theorem (Beklemishev 2003)

Π2(N) 6⇒ I∆1.
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Beklemishev’s approach

Beklemishev 2003

L. Beklemishev: On the induction schema for decidable predicates,
J. Symbolic Logic 68 (2003), 17–34.

Definition

Π2(N) denotes the set of Π2 sentences that are true in N.

Theorem (Beklemishev 2003)

Π2(N) 6⇒ I∆1.

Problem 2 (Beklemishev 2003)

Does I∆1 + Π2(N) imply BΣ1?
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A picture

Answer to Problem 2

Slaman’s Theorem implies “yes”, since exp belongs to Π2(N).
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A picture

Answer to Problem 2

Slaman’s Theorem implies “yes”, since exp belongs to Π2(N).

Π2(N) + I∆1 ⇒ Π2(N) ⇒ I∆0 + exp

⇓ 6⇓
BΣ1 ⇒ I∆1
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Thapen’s improvement

Thapen 2005

N. Thapen: A note on ∆1 induction, Fund. Math. 186 (2005),
79–84.
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Thapen’s improvement

Thapen 2005

N. Thapen: A note on ∆1 induction, Fund. Math. 186 (2005),
79–84.

Theorem (Thapen 2005)

I∆1 + Ω1,k ⇒ BΣ1, for any k ≥ 1.
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Thapen’s improvement

Thapen 2005

N. Thapen: A note on ∆1 induction, Fund. Math. 186 (2005),
79–84.

Theorem (Thapen 2005)

I∆1 + Ω1,k ⇒ BΣ1, for any k ≥ 1.

Theorem (Thapen 2005)

I∆1 + thp ⇒ BΣ1,

where thp denotes the axiom ∀x∃y∃z (x<p(y) ∧ z = xy),
with p any primitive recursive function.
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A new problem

Problem 1”

Does every nonstandard model of I∆1 satisfying the property

∀a∈M∃γ∈M−N such that aγ ∈M

satisfy BΣ1?
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A new problem

Problem 1”

Does every nonstandard model of I∆1 satisfying the property

∀a∈M∃γ∈M−N such that aγ ∈M

satisfy BΣ1?

Facts

Thapen’s axiom thp implies the above property, for any p
(since N is closed under all primitive recursive functions).

The property above amounts to saying that M 6= aN for any
a ∈M .
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An early result

Theorem (Paris-Kirby 1978)

(i) For any countable M |= I∆0 and n ≥ 2,

M |= BΣn ⇔ there exists K |= I∆0 such that M <n,e K.

(ii) M has a proper Σ1-elementary end extension ⇒ M |= BΣ2

(and hence there is K |= I∆0 such that M <2,e K).
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An early result

Theorem (Paris-Kirby 1978)

(i) For any countable M |= I∆0 and n ≥ 2,

M |= BΣn ⇔ there exists K |= I∆0 such that M <n,e K.

(ii) M has a proper Σ1-elementary end extension ⇒ M |= BΣ2

(and hence there is K |= I∆0 such that M <2,e K).

Natural questions

(a) M |= BΣ1 ⇔ there exists K |= I∆0 such that M <1,e K?

(b) M |= BΣ0 ⇔ there exists K |= I∆0 such that M <0,e K?
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Only one remaining problem

Facts

There exists countable K |= BΣ1 + ¬BΣ2.

BΣ0 ⇐⇒ BΣ1.

M ⊂e K ⇒M <0 K always.
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Only one remaining problem

Facts

There exists countable K |= BΣ1 + ¬BΣ2.

BΣ0 ⇐⇒ BΣ1.

M ⊂e K ⇒M <0 K always.

Wilkie-Paris 1989

A. Wilkie and J. Paris: On the existence of end extensions of
models of bounded induction, in Logic, Methodology and
Philosophy of Science VIII (Moscow 1987), 143–161,
North-Holland, Amsterdam, 1989.
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A variant and an observation

Problem 3 (J. Paris)

Does every countable M |= BΣ1 have a proper end extension
K |= I∆0?
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A variant and an observation

Problem 3 (J. Paris)

Does every countable M |= BΣ1 have a proper end extension
K |= I∆0?

Problem 3’

Does every countable M |= BΣ1 have a proper end extension
K |= I∆1?
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A variant and an observation

Problem 3 (J. Paris)

Does every countable M |= BΣ1 have a proper end extension
K |= I∆0?

Problem 3’

Does every countable M |= BΣ1 have a proper end extension
K |= I∆1?

Sirokofskich-D. 2007

A. Sirokofskich and C. D.: On a problem of J. Paris, J. Logic
Comput. 17 (2007), 1099–1107.
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A variant and an observation

Problem 3 (J. Paris)

Does every countable M |= BΣ1 have a proper end extension
K |= I∆0?

Problem 3’

Does every countable M |= BΣ1 have a proper end extension
K |= I∆1?

Sirokofskich-D. 2007

A. Sirokofskich and C. D.: On a problem of J. Paris, J. Logic
Comput. 17 (2007), 1099–1107.

Observation (Sirokofskich-D. 2007)

Either Problem 1’ or Problem 3’ has a negative solution.
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Facts needed

Wilkie-Paris 1987

A. Wilkie and J. Paris: On the scheme of induction for bounded
arithmetic formulas, Ann. Pure Appl. Logic 35 (1987), 261–302.
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Facts needed

Wilkie-Paris 1987

A. Wilkie and J. Paris: On the scheme of induction for bounded
arithmetic formulas, Ann. Pure Appl. Logic 35 (1987), 261–302.

Wilkie-Paris 1987

I∆0 6⊢ Con(I∆0).
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Facts needed

Wilkie-Paris 1987

A. Wilkie and J. Paris: On the scheme of induction for bounded
arithmetic formulas, Ann. Pure Appl. Logic 35 (1987), 261–302.

Wilkie-Paris 1987

I∆0 6⊢ Con(I∆0).

Paris 1981

J. Paris: Some conservation results for fragments of arithmetic, in
Model Theory and arithmetic (Paris, 1979-1980), 251–262, Lecture
Notes in Mathematics 890, Springer-Verlag, 1981.
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Facts needed

Wilkie-Paris 1987

A. Wilkie and J. Paris: On the scheme of induction for bounded
arithmetic formulas, Ann. Pure Appl. Logic 35 (1987), 261–302.

Wilkie-Paris 1987

I∆0 6⊢ Con(I∆0).

Paris 1981

J. Paris: Some conservation results for fragments of arithmetic, in
Model Theory and arithmetic (Paris, 1979-1980), 251–262, Lecture
Notes in Mathematics 890, Springer-Verlag, 1981.

Paris 1981

BΣ1 is Π2-conservative over I∆0.
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Sketch of proof

Definition

A model M of a theory T is said to be ω1-like if

card(M)=ω1,

card{b ∈M : M |= b < a} ≤ ℵ0, for all a ∈M.
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Sketch of proof

Definition

A model M of a theory T is said to be ω1-like if

card(M)=ω1,

card{b ∈M : M |= b < a} ≤ ℵ0, for all a ∈M.

• Assume both problems have positive solution.
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Sketch of proof

Definition

A model M of a theory T is said to be ω1-like if

card(M)=ω1,

card{b ∈M : M |= b < a} ≤ ℵ0, for all a ∈M.

• Assume both problems have positive solution.

• There is a countable model M0 of BΣ1 containing the Gödel
number of a proof of 0 6= 0 from I∆0.
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Sketch of proof

Definition

A model M of a theory T is said to be ω1-like if

card(M)=ω1,

card{b ∈M : M |= b < a} ≤ ℵ0, for all a ∈M.

• Assume both problems have positive solution.

• There is a countable model M0 of BΣ1 containing the Gödel
number of a proof of 0 6= 0 from I∆0.

• There is a countable model M1 of I∆1 such that M0 ⊂e M1,
because of the positive solution of Problem 3’.
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Sketch of proof

Definition

A model M of a theory T is said to be ω1-like if

card(M)=ω1,

card{b ∈M : M |= b < a} ≤ ℵ0, for all a ∈M.

• Assume both problems have positive solution.

• There is a countable model M0 of BΣ1 containing the Gödel
number of a proof of 0 6= 0 from I∆0.

• There is a countable model M1 of I∆1 such that M0 ⊂e M1,
because of the positive solution of Problem 3’.

• Then M1 is a model of BΣ1, because of the positive solution of
Problem 1’.
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Sketch of proof continued

• Hence there is a model M2 of I∆1 such that M1 ⊂e M2.
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Sketch of proof continued

• Hence there is a model M2 of I∆1 such that M1 ⊂e M2.

• Continuing like this ω1 times, we obtain an ω1-like model Mω1 of
I∆0.
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Sketch of proof continued

• Hence there is a model M2 of I∆1 such that M1 ⊂e M2.

• Continuing like this ω1 times, we obtain an ω1-like model Mω1 of
I∆0.

• But all ω1-like models of I∆0 satisfy BΣn, for all n ∈ N.
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Sketch of proof continued

• Hence there is a model M2 of I∆1 such that M1 ⊂e M2.

• Continuing like this ω1 times, we obtain an ω1-like model Mω1 of
I∆0.

• But all ω1-like models of I∆0 satisfy BΣn, for all n ∈ N.

• Hence Mω1 is model of PA.
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Sketch of proof continued

• Hence there is a model M2 of I∆1 such that M1 ⊂e M2.

• Continuing like this ω1 times, we obtain an ω1-like model Mω1 of
I∆0.

• But all ω1-like models of I∆0 satisfy BΣn, for all n ∈ N.

• Hence Mω1 is model of PA.

• Note that Mω1 |= ∃x “x is the Gödel number of a proof of a
contradiction from I∆0”.
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Sketch of proof continued

• Hence there is a model M2 of I∆1 such that M1 ⊂e M2.

• Continuing like this ω1 times, we obtain an ω1-like model Mω1 of
I∆0.

• But all ω1-like models of I∆0 satisfy BΣn, for all n ∈ N.

• Hence Mω1 is model of PA.

• Note that Mω1 |= ∃x “x is the Gödel number of a proof of a
contradiction from I∆0”.

• But this is impossible, since PA ⊢ Con(I∆0).
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