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Introduction

» General Question: to characterize the sets Thr(T) of all
theorems of T of a specifical logical complexity I'.

» We shall deal with this question for:

T = scheme of parameter free I1;-induction I}
Fr= My, B(X1)

» 1] is P~ together with the induction scheme

(Ip) ¢(0) AVx(p(x) = @(x +1)) — Vxgp(x)

for each ¢(x) € M.



Why IM;?

Theorem (Bigorajska, 95)

Suppose p(x,y) € X1 and IM] FVx3y p(x,y). Then, there is a
term t(x) such that N = JuVx > udy < t(x) p(x,y).

> Il1] cannot prove the totality of functions of more than polynomial
growth: R(IM;) = R(14¢) = M2.
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Theorem (Bigorajska, 95)

Suppose p(x,y) € X1 and IM] FVx3y p(x,y). Then, there is a
term t(x) such that N = JuVx > udy < t(x) p(x,y).

> Il1] cannot prove the totality of functions of more than polynomial
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Theorem (Kaye—Paris—Dimitracopoulos,’88)
1. 1Ag+exp is conservative over Il w.r.t. ¥ sentences.

2. Iy is conservative over |Ag+exp w.r.t. Ty sentences.

» Il proves that there are unboundedly many primes and implies the
Ag pigeonhole principle.
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A hierarchy between 1Ay and 1Ay+exp

Thn,(I107) Thp,H(IN7)
18 C i - i C Thn,(INT) C 1Agtexp

Thn,(1Ag+exp) Thgs,) (120+exp)

» Wilkie and Paris characterized the Iy theorems of I1]" and
proved that 1Aqg I/ Thp, (IM7).

» No similar results were known for the B(%X1) and the I
theorems of Il .

> We do not know good candidates to separate Thps,)(Il;)
and Thn,(IN7).



Content

Our results

> We characterize Thgs)(IM;) and Thn,(IM) in terms of
exponentiation restricted to 2;—definable elements.

» We prove that Thp, (IM}) C Thyz(IM7) C Thn,(I17)
form a proper hierarchy.



Content

Our results

> We characterize Thgs)(IM;) and Thn,(IM) in terms of
exponentiation restricted to 2;—definable elements.

» We prove that Thp, (IM}) C Thyz(IM7) C Thn,(I17)
form a proper hierarchy.

Our methods

» Model-theoretic constructions based on
Kaye—Paris—Dimitracopoulos: On parameter free induction schemas.
J. Symbolic Logic’88.

» We make explicit that Il1; allows for restricted 31 induction:
“induction up to Xj—definable elements.”



Definable and minimal elements

> ais [—definable in 2 (with parameters b) if there is
©(x,v) €T such that A = p(a, b) A Ix p(x, b).

> ais [-minimal in 2 (with parameters b) if there is
©(x,v) €T such that A = a = (ux) (¢(x, b)).

> C1() = Xi—definable elements of 2.

» Z;(2A) = initial segment determined by C; ()

e )



lterating 2 ;—definability: Z7°

Z(A) = ()
ZFT(A) = initial segment determined by /Cq (2, ZK(21))
@) = | 7 @)

k>0

[ )Ig )le )If )zee -)

1

> Z°(2) is the least initial segment of 2 containing all the
3 1—definable elements and closed under ¥;—definability.

» If 2 = 1, with nonstandard ¥;—definable elements,
{Z¥(A) : k >0} form a proper hierarchy.



IT; and Restricted 2 ;—induction

Proposition
Over 1A the following are equivalent:
L AE=IN;.
2. For each p(x,v) € X1 and a, b € Z1():
A E »(0,b) AVx (o(x, b) — p(x+1,b)) — ¢(a,b).



IT; and Restricted 2 ;—induction

Proposition
Over 1A the following are equivalent:

L AE=IN;.

2. For each p(x,v) € X1 and a, b € Z1():

A = ¢(0, b) AVx (p(x, b) = ©(x+ 1,b)) — ¢(a,b).

Proof:
Pick ¢ € K1(2() with a,b < c.
Step 1: IMy = minimization for My formulas “witnessed” in Ky (2A).
Step 2: Show that ¢(x, b) = x € d, for all x < c.

Step 3: Apply Ag—induction to x € d.



I} and Restricted Exponentiation

[ )11 )Ill )If

Theorem
IN] FVaeZy(A) Vb € Z1(A) Ty (y = b?)



I} and Restricted Exponentiation
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Theorem
IN] FVaeZy(A) Vb € Z1(A) Ty (y = b?)

Proof:
Pick ¢ € K1(2,Z1 () with b < c. If §(u, d) € X; defines ¢ with
d € Z;(21), apply X;—induction up to a to:

Ay (y=¢) = Ay, u(d(u,d) Ny = u)

Then, ¢? exists and so does b? since b < c.



I} and Restricted Exponentiation

[ )11 )Ill )If )Ifo )

Theorem
IN] FVaeZy(A) Vb € Z1(A) Ty (y = b?)

Proof:
Pick ¢ € K1(2,Z1 () with b < c. If §(u, d) € X; defines ¢ with
d € Z;(21), apply X;—induction up to a to:

Jy(y=c) = y,u(é(u,d) Ay = u¥)
Then, ¢? exists and so does b? since b < c. ]

» Previous theorem cannot be extended. It captures the exact amount
of exponentiation available in models of I1; .



Expressing "Vx € Z;()" in the language of Arithmetic

» For each a € IC1 () there is b My—minimal such that a = (b)o.

“x € T1(2A) b(x, v)"
(3
{vZ,x({ 2= (u)(2(1)) } — o(x,7)) : 8(t) €Ny}

A x < (2)o

> “VaeZ;(A) Vb € ZH(A) 3y (y = b?)" can be reexpressed as a
set of I, sentences in the usual language of Arithmetic.

> So, Thn,(IN]) F Va € Zy(A) Vb € T3(A) Ty (y = b?).
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to construct B = () + Ths,(A). So, A |= 0. O

Corollary. Thp,(IM7 ) is not finitely axiomatizable.



Characterizing Thps,)(I17)

Proposition
Suppose T F 1Aq. The following are equivalent:

1. A= Thge,)(T).
2. There exists B = T such that 2A =; B.

Proof: T+ Ths, (A)+ Thn, () is consistent.



Characterizing Thps,)(I17)

Proposition
Suppose T F 1Aq. The following are equivalent:

1. A= Thge,)(T).
2. There exists B = T such that 2A =; B.

Proof: T+ Ths, (A)+ Thn, () is consistent.

Corollary
1. If T E1Ag then Thy,(Thn,(T)) = ThB(Zl)(T)-
2. Thy,(1Ag+exp) = Thg(zl)(le—FeXp) = Thg(zl)(lnf).

Proof: 2 =1 B = () = K1(B).
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Characterizing Thps,)(I17)

Theorem
ThB(Zl)(lnl_) = lAg+Va,be 11(91) dy (y — ba).

(P}—r;):Ofl-Dick ¢ € K1(2A) with a,b < c. Let B = I} such that A =; B.
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Since 2 =; B, b? exists in 2.

(H): K1(2) = exp b Thr, (IN;). Since Ky (A) <1 A, A = Thee,y (IN7).

Corollary. Thys,)(IM7) is not finitely axiomatizable.
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Separating Thgs,)(Il;) and Thp, (IM})

Theorem
Thn, (IN]) ¥/ Thys,(107).

Proof:
» Given a nonstandard lMp—minimal element a, we define:
2X f x=a
fa(x)—{ 0 ifx#a
> ThB(zl)(ll'Il_) FVx 3y (y = fa(x)).
Since a € K1 (2).

> Thn,(IN}) 7 Yx 3y (y = fa(x)).
Otherwise, 22 < a¥ by Parikh’s Theorem.



Separating Thn,(IM7) and Thg(IM;)
» Bigorajska's Theorem can be derived from Parikh's Theorem.
1A+ Jub(u) F Vx 3y o(x,y)

180 F Vx, uJy (0(u) — ¢(x,y))

180 - Vx,udy < t()%, u) (0(u) — ¢(x,y))
1A - Yu (8(u) — Vx j uy < t(x,x) p(x,y))
100+ Jub(u) - Hu‘v’xli uy < t(x, x) (x,y))



Separating Thn,(IM7) and Thg(IM;)
» Bigorajska's Theorem can be derived from Parikh's Theorem.
1A+ Jub(u) F Vx 3y o(x,y)

180 F Vx, uJy (0(u) — ¢(x,y))

180 - Vx,udy < t()%, u) (0(u) — ¢(x,y))
1A - Yu (8(u) — Vx j uy < t(x,x) p(x,y))
100+ Jub(u) - auvxli uy < t(x, x) (x,y))

Proposition. Suppose 2= T and T  Vx 3y o(x,y), with p € ¥ ;.
1. TCB(X1) = JaeZy(A), A E Vx> ady < t(x)o(x,y).
2. T=1IN] = JaeZiA), AEVYx>ady < t(x)p(x,y).



Separating Thn,(IM7) and Thg(IM;)

Theorem
Thgz(IN7) 7 Th,(I07).



Separating Thn,(IM7) and Thg(IM;)

Theorem
Thgz(IN7) 7 Th,(I07).

Proof:
> Given a, ¢ MNMo—minimal and d(z, v) € My:
(x)$% i (x)o=aAn (x)1 =cA(x)2 < (x)
g(x) = 3 (x)s = (nz) (6(z, (x ) )
0 otherwise

> Thn,(IN) FVx3y (y = g(x)).
Since (x)3 € Z1(21) and (x)o € Z1 ().

> Thy,)(INy) ¥ Vx 3y (y = g(x)).
Otherwise, it would follow from Bigorajska's Theorem that b? < b¥

for some b € T3 () — Z1 ().
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Conclusions

> Informative axiomatizations of Thn,(IM;) and Thps (1M} )
in terms of restricted exponentiation.

> Separation theorem: Thn, (IM;) C Thgs,)(IN7) C Thn,(IN7).

» Descriptions of what total functions of a nonstandard model
of IT] look like.

» Information on the limits of Parikh’s and Bigorajska's Thm:

> Thps,)(IN) satisfies Bigorajska’s Theorem but not Parikh’s.
» Thn,(IMN] ) does not satisfy Bigorajska's Theorem.
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What about Il ; for n> 07

> Our results generalize to n > 0 for I, + I,

1A¢ 1, n>0
polynomials | functions y = K,(x)
exponentiation | iterations of K,(x)

Theorem
1. Thn,,(1Z,+1N; ) =15, +Va € T,y Vb € IL,, 3y (v = K2(b)).
2. Thygs, (1S, +I0;,) = 15, +VYa, b € Toa Iy (v = K3(b)).
3. Thn,,(IZ,4HM5,,) C© Ths, (15, HN;, ) © Tha,, (1Z,4105,5).
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Theorem (Beklemishev,'99)

N, is B(Xny1)—conservative over IX .

> So, Thaz,..y(IMy,1) = 1%,

» Questions:

» to obtain informative axiomatizations of Thp
> Thn,, (1IN ;) =127

n+2(||—|;+1)

o



What about Il ; for n> 07

Theorem (Beklemishev,'99)
N, is B(Xny1)—conservative over IX .

> So, Thaz,..y(IMy,1) = 1%,

> Questions:
> to obtain informative axiomatizations of Thp,.,(IM, ;)

> Thn,,(IN;,) = 12,7

» A deeper analysis of axiom schemes and inference rules up to
definable elements could help.
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